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ABSTRACT. We study the fourth order Schrédinger operator H = (—A)2 + V for a short
range potential in three space dimensions. We provide a full classification of zero energy
resonances and study the dynamic effect of each on the L' — L> dispersive bounds. In
all cases, we show that the natural |t|_% decay rate may be attained, though for some
resonances this requires subtracting off a finite rank term, which we construct and analyze.
The classification of these resonances, as well as their dynamical consequences differ from

the Schrodinger operator —A + V.

1. INTRODUCTION

We consider the linear fourth order Schrédinger equation in three spatial dimensions
iy = HY, ¥(0,2) = f(z), H:=A"+V, z R’

Variants of this equation were introduced by Karpman [22] and Karpman and Shagalov [23]
to account for small fourth-order dispersion in the propagation of laser beams in a bulk
medium with Kerr nonlinearity, and may be used to model other “high dispersion” models.
Linear dispersive estimates have recently been studied, [9, 16, 10], we continue this study
to understand the structure and effect of zero energy resonances on the dynamics of the
solution operator in the three dimensional case.

Fourth order Schrodinger equations have been studied in various contexts. For example,
the stability and instability of solitary waves in a non-linear fourth order equation were
considered in [26]. Well-posedness and scattering problems for various nonlinear fourth
order equations have been studied by many authors, see for example [27, 28, 32, 33, 17, 18].
We note that time decay estimates we consider in this paper may be used in the study of

special solutions to non-linear equations.

The first author is partially supported by NSF grant DMS-1501041. The second author is supported by
Simons Foundation Grant 511825.
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. _ A2 . . .
In the free case, see [2], the solution operator e=*2" in d-dimensions preserves the L? norm

and satisfies the following dispersive estimate

—itA2 _d
™2 Fll oo ey S [N 111 ray-

In this paper we study the dispersive estimates in three spatial dimensions when there are
obstructions at zero, i.e the distributional solutions to Hy = 0 with ¢ € L>*(R3). We
provide a full classification of the zero energy obstructions as a finite dimensional space
of eigenfunctions along with a ten-dimensional space of two distinct types of zero-energy
resonances, see Section 7. As in the four dimensional case, [16], the zero energy obstructions
in three dimensions have a more complicated structure than that of the Schrodinger operators
—A+V, 20, 8]. Let P,.(H) be the projection onto the absolutely continuous spectrum of
H and V (z) be a real-valued, polynomially decaying potential. We prove dispersive bounds

of the form
le™ Poc(H) fl oo S 1t £

or a variant with spatial weights, for each type of zero energy obstruction where + depends on
the type of resonance. Such estimates can be used to study asymptotic stability of solitons
for non-linear equations.

We introduce some notation to state our main results. We let (-) = (1+|-|)2, and let a—
denote a — € for a small, but fixed value of ¢ > 0. We define the polynomially weighted LP

spaces,
Lo (R%) = {f : ()°f € L"(R%)}.

We provide a precise definition and characterization of resonances in Section 7 and Def-
inition 4.2 below. We characterize the resonances in terms of distributional solutions to
Hvy = 0. Heuristically, if [¢(z)| ~ 1 as |z| — oo, we have a resonance of the first kind. If
lth(2)] ~ |z|~! as |z| — 0o we have a resonance of the second kind, and if [¢)(z)| ~ |z| "2~
we have a resonance of the third kind. The classification of the resonances in the fourth
order Schrodinger equation requires a more detailed, subtle analysis than in the Schrodinger
equation since the lower order terms in the expansion of Birman-Schwinger operator interact
each other, see expansions of M (\) in Lemma 4.1. This causes complications in the classifi-
cation of threshold obstructions which do not arise in the case of Schrodinger’s equation or
in the four dimensional case, see (20), (21), and Section 7. Our main results are summarized

in the theorem below.
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Theorem 1.1. Let V be a real-valued potential satisfying |V ()| < ()" be such that there

are no embedded eigenvalues in [0, 00) except possibly at zero. Then,
i) If zero is regular, then if 5 > 5,
— _3
He tHPaC<H)HL1—>L°° S ’t‘ ‘.
ii) If there is a resonance of the first kind at zero, then if > 7,
—i _3
le™"" Poc(H )| 2 < Jt77.
ii1) If there is a resonance of the second kind at zero, then if § > 11,
i t5 e <1
le™"" Pac(H) |1 S L
73t >1
Moreover, there is a time-dependent, finite-rank operator Fy satisfying ||Fy||prope S
(t)~1 so that
" _3
le™ " Poc(H) = Fillpir= S 77
iv) If there is a resonance of the third kind at zero, then if 5 > 15,
|t
|t

It < 1

le™ Poe(H)[| 151 S
[t] > 1

-1
-1
Moreover, there is a time-dependent, finite-rank operator G, satisfying ||Gi||p1 e S
(t)~1 so that
. 1
le™ " Poc(H) = Gill 12 S 1t 72

Furthermore, one can improve this time decay at the cost of spatial weights,

e~ Puc(H) = G| <t

Lb3 03

As in the two-dimensional Schrodinger equation and four-dimensional fourth order equa-
tion, we have a ‘mild’ type of resonance which does not affect the natural ]t|’% decay rate. As
in [9, 16, 10], we assume absence of positive eigenvalues. Under this assumption, a limiting
absorption principle for H was established, see [9, Theorem 2.23], which we use to control
the large energy portion of the evolution, which necessitates the larger bound as ¢ — 0.
The large energy is unaffected by the zero energy obstructions, and our main contribution
is to control the small energy portion of the evolution in all possible cases, which we show is
bounded for all time and decays for large [t|.

In general, |t|_% decay rate for the Schrodinger evolution is affected by zero energy ob-

structions. In particular, the time decay for large |t| is slower if there are obstructions at zero,
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see for example [21, 35, 34, 12, 7, 6, 13, 14]. It is natural to expect zero energy resonances
to effect the time decay of the fourth order operator as well. This has been studied only in
dimensions d > 3; by Feng, Wu and Yao, [10], when d > 4 as an operator between weighted
L? spaces, and by the second and third authors when d = 4, [16]. These works built on the
work of Feng, Soffer and Yao in [9] which considered the case when zero is regular. This
work in turn had its roots in Jensen and Kato’s work [19], and [21] for —A + V.

The free linear fourth order Schrodinger equation is studied by Ben-Artzi, Koch, and
Saut [2]. They present sharp estimates on the derivatives of the kernel of the free operator,
(including A% + A). This followed work of Ben-Artzi and Nemirovsky which considered
rather general operators of the form f(—A)+V on weighted L? spaces. Further generalized
Schrodinger operators of the form (—A)™ 4V were studied in [4], [11]. See also the work of
Agmon [1] and Murata [29, 30, 31]. In particular, Murata’s results for operators of the form
P(D) +V do not hold for the fourth order operator due to the degeneracy of P(D) = A? at
Zero.

There are not many works considering the perturbed linear fourth order Schrodinger equa-
tion outside of the previously referenced recent works. There has been study of special solu-
tions for nonlinear equations, see for example [24, 32, 33, 27, 28, 5]. See [25, 26| for a study
of decay estimates for the fourth order wave equation.

Our results follow from careful expansions of the resolvent operators (H — 2)~!. We
develop these expansions as perturbations of the free resolvent, for which, by using the
second resolvent identity (see also [9]), we have the following representation:

2; (ot
Here Hy = (—A)? and the Ry is the Schrédinger resolvent Ry(z2) := (—A — z2)~!. Since
Hy is essentially self-adjoint and o,.(A?) = [0,00), by Weyl’s criterion c.s(H) = [0, 00) for

D=

(1) R(Hy; 2) = (A% — 2)71 = ) — RO(—Z%)), 2eC\[0,00).

a sufficiently decaying potential. Let A € Rt we define the limiting resolvent operators by

(2) R*(Hy; \) := R*(Hy; A £i0) = hr&(AZ — (A %ie) 7,
(3) RE(N) == RE(A£400) = h%L(H — (A Eie))

Note that using the representation (1) for R(Hy; 2) in definition (2) with z = w* for w in
the first quandrant of the complex plane, and taking limits as w — A and w — ¢\ in the

first quadrant, we obtain
1

g RE(Ho N') = 5

(Rg(v) . RO(—)\Q)), A 0.
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Note that Ry(—\?) : L? — L? since —A has nonnegative spectrum. Further, by Agmon’s lim-
iting absorption principle, [1], R(jf()\z) is well-defined between weighted L? spaces. Therefore,
R*(Hp; \*) is also well-defined between these weighted spaces. This property is extended to
RE(N) in [9).

As usual, we use functional calculus and the Stone’s formula to write

o0
(5) P = 5 [ PRI — Ry (@)an

Here the difference of the perturbed resolvents provides the spectral measure. Our analysis in
the three-dimensional case differs from the four dimensional case and previous works on the
Schrédinger operator in several ways. First, the behavior of the free resolvents in (4) provides
technical challenges in which various lower order terms in the expansions interact. These
interactions complicate the inversion process as the operators whose kernels we study and
need to invert are now the difference of different operators in the resolvent expansions, see
(20) and (21) below. Such difficulties are new to this case, in the analysis of the Schrédinger
resolvents, see [20], on can iterate the expansion procedure by examining the kernel of a
single operator at each step. The techniques developed here may also be of use in dimensions
d = 1,2 or other high dispersion equations. Furthermore, the difference between the ‘+’ and
‘-’ resolvents in the Stone’s formula, (5), which is crucial in the Schrédinger operators and
the four-dimensional case, do not improve the analysis except in the most singular term in
the case of a resonance of the third kind. Further, the classification of resonances differs
from the Schrodinger case in several key aspects as shown in Section 7 below.

The paper is organized as follows. In Section 2 we provide definitions of the various nota-
tions we use to develop the operator expansions. In Section 3 we develop expansions for the
free resolvent and establish the natural dispersive bound for the free operator. In Section 4
we develop expansions for the perturbed resolvent in a neighborhood of the threshold for
each type of resonance that may occur. In Section 5 we utilize these expansions to prove the
low energy version of Theorem 1.1. In Section 6 we prove the high energy version of Theo-
rem 1.1. Finally, in Section 7 we provide a classification of the spectral subspaces associated

to the different types of zero-energy obstructions.

2. NOTATION

For the convenience of the reader, we have gathered the notation and terminology we use

throughout the paper.



6 ERDOGAN, GREEN, TOPRAK

For an operator £(\), we write E(A) = O1(A™%) if it’s kernel £(A)(z,y) has the property
(6) sup  [AYEN) (@, y)| + AT AEN) (2, )] < <.
z,y€R3 A>0

Similarly, we use the notation £(\) = O1(A"%g(z,y)) if E(A\)(z,y) satisfies
(7) [EQ) (@, y)| + MAREN) (z,y)| S A g(z,y).

Recall the definition of the Hilbert-Schmidt norm of an operator K with kernel K(x,y),

1Kl = ( [ 16toPara)

We also recall the following terminology from [34, 7]:

Definition 2.1. We say an operator T : L*(R?) — L*(R?) with kernel T(-,-) is absolutely
bounded if the operator with kernel |T(-,-)| is bounded from L*(R?) to L*(R?).

We note that Hilbert-Schmidt and finite-rank operators are absolutely bounded operators.
We will use the letter I' to denote a generic absolutely bounded operator. In addition, I'y

denotes a A dependent absolutely bounded operator satisfying
(8) 11T6l]] 2oy e + Al[[O3T6 [ 12y e S A% A >0

The operator may vary depending on each occurrence and + signs. The use of this notation
allows us to significantly streamline the resolvent expansions developed in Section 4 as well
as the proofs of the dispersive bounds in Section 5.

We use the smooth, even low energy cut-off x defined by x(A) = 1if |A\| < A\g < 1 and
X(A) = 0 when |A| > 2\ for some sufficiently small constant 0 < Ay < 1. In analyzing the
high energy we utilize the complementary cut-off X(\) =1 — x(A).

3. THE FREE EVOLUTION

In this section we obtain expansions for the free fourth order Schrédinger resolvent op-
erators RE(Hy; \*), using the identity (1) and the Bessel function representation of the
Schrédinger free resolvents R (A?). We use these expansions to establish dispersive esti-
mates for the free fourth order Schrodinger evolution, and throughout the remainder of the
paper to study the spectral measure for the perturbed operator.

Recall the expression of the free Schrédinger resolvents in dimension three, (see [15] for
example)

e:ﬁ:iM:v—y|

Ry (N)(z,y) = yp—e
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Therefore, by (4),

1 etirlz—yl e~ Alz—yl
(9) R*(Ho, X)(2,9) = 535 < )

oN \ drlz —y| 4|z —y|

When, |z — y| < 1, we have the following representation for the R(Hy, \?)

+

(10)  RE(HoM)(r,y) = 5+ Go + af AGh + aiNGy + X'Gy + Ol — ).
Here
14 1Fi 14 |z —y|
11 = — ;= G = -
( ) a 87r ) 6Ll 87T . (3')7 6L3 87T . (5')7 0(x7y) 87T )
12)  Giloy) = lo—yPs Galey) = o —ol', Galay) = —2=4
1 yY) = Yy, 3 yY) = Yl 4 yY) = 47'('(6')

When Az — y| 2 1, the expansion remains valid. Notice that Gy = (A?)7!

The following lemma will be used repeatedly to obtain low energy dispersive estimates.

Lemma 3.1. Fiz 0 < a < 4. Assume that E(A) = O1(A™%) for 0 < X < 1, then we have the

bound

(13)

/ e (NAPE(N) d/\‘ < ()7
0

Proof. By the support condition and since a < 4, the integral is bounded. Now, for |¢t| > 1

we rewrite the integral in (13) as

P

[e.e]

t
/ N A3 (NE(N) dA +/ CENNYNEN) dN =T + 11
; -

t— 4

We see that

t
1] g/ Mg <
0

=

For the second term, we use dye™' /(4it) = e \3 to integrate by parts once.
it>\4g )\ 1 o N 1 ) )
g2 —/ [E'(N)[dA S+ —/ Aoty S
dit |-tk t )1

Lemma 3.2. We have the bound

sup
z,y€R3

[ e R o X ) dA] < (14,

0
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Proof. Note that the cancellation between R and R~ is not needed for, nor does it improve

this bound. Using (9) we have

e:ti/\lx_yl — e_/\lx_y|
87|z — y|

1
[ (Ho, XY) ()| = <5

uniformly in z,y for A\|Jz —y| > 1. For A\|z — y| < 1, we have

e:l:i)\|:c—y| . [ e—/\|a:—y|
8TA2|z — y|

| R (Ho, \) (2, )| = S

1
A

by the mean value theorem. Similarly,

1
ONRE (Ho, ) ()| S 55

uniformly in x,y. Therefore

(14) R*(Ho, M) = O1(A71),

and the claim follows from Lemma 3.1 with a = 1. U
Remark 3.3. The t~1 bound is valid if we insert the high energy cutoff XA) =1—=x(\)

in place of the low energy cutoff x(\) in Lemma 3.1. However, the integral is not absolutely

convergent, and is large for small |t|. That is,
‘/w N YNNEN) dN| < [t
0
Consequently, we obtain the following estimate for the the free equation
€A% fllioype S 75
4. RESOLVENT EXPANSIONS NEAR ZERO

In this section we provide the careful asymptotic expansions of the perturbed resolvent in
a neighborhood of the threshold. To understand (5) for small energies, i.e. A < 1, we use
the symmetric resolvent identity. We define U (z) =sign(V (z)), v(z) = |V (z)|2, and write

(15) REOY = RE(Ho, AY) — RE(Ho, \)o(M*(N)) v RE(Hy, ),

where M*()\) = U+vR*(Hy, \*)v. As aresult, we need to obtain expansions for (M=(X))~!.
The behavior of these operators as A — 0 depends on the type of resonances at zero energy,
see Definition 4.2 below. We determine these expansions case by case and establish their
contribution to spectral measure in Stone’s formula, (5).

Let T := U + vGyv, and recall (8), we have the following expansions.
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Lemma 4.1. For 0 < A < 1 define M*(\) = U + vR*(Ho, \X*)v. Let P = v{-,v)||[V||{*

denote the orthogonal projection onto the span of v. We have

(16) MF(X) = A5(\) + My (V)

(17> A:I:(/\) _ HVHlai

P+T,

where T := U + vGov and MF(N) = Ty, for any 0 < € < 1, provided that v(z) < (z)"37¢.
Moreover, for each N =1,2,...; and ¢ € [0,1],

N
(18) MF(A) = XM+ Ty
k=1

provided that v(z) < (z)"2"N~=. Here the operators ME and the error term are Hilbert-

~J

Schmidt, and hence absolutely bounded operators. In particular
(19) M = afvGw, My =0, Mj =aivGsv, M =vGyw,
where, the a}’s and G;’s are defined in (11) and (12).

Proof. We give a proof only for the case N = 1,2, the other cases are similar. Using the

expansion (10) for Az —y| < 1 and (9) for A\|z — y| > 1, we have

=+
RE(Ho, X)(a.y) = S + Go+ af MG + Oi(Ne = yl"), Mo —y] < 1.
N A ai N eii)\\xfy\ _ 67)\|:E7y\ ai N
R (Ho,)\)(l‘,y):T—FGo—i‘al/\Gl—f— 87T/\2|ZL’—y| —T—Go—al)\Gl
+
= 5+ Go+afAGL + O (Mo — ), Aw—y| > 1.

Using these in the definition of M*()\) and M ()\), we have
|(MEN) = aEXGro) (w,p)| S v@@py)le -y X+, 0< 02,

’8)\ (Mg (\) = ai WwGhv) (z, y)‘ Sw(@)v(y)r —y|/ 2N 0< <2
This yields the claim for N = 1 since the error term is an Hilbert-Schmidt operator if

v(z) < (2)737 174 The case of N = 2 also follows since M, = 0 and ¢ € [0, 2)]. O

The definition below classifies the type of resonances that may occur at the threshold
energy. In Section 7, we establish this classification in detail. Since the free resolvent is un-
bounded as A — 0, this definition is somehow analogous to the definition of resonances from

[20] and [34] for the two dimensional Schrédinger operators. However, there are important
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differences such as the appearance of the operators 77, T, below. Specifically, the lower order
terms in the expansions interact in such a way that T} and T, are now the differences of two

separate operators. This phenomenon does not occur for the Schrodinger operators.

Definition 4.2. i) Let Q := 1 — P. We say that zero is reqular point of the spectrum of
A%+ V provided QTQ is invertible on QL*. In that case we define Dy := (QT'Q)™! as
an absolutely bounded operator on QL?, see Lemma 4.3 below.

ii) Assume that zero is not regular point of the spectrum. Let Sy be the Riesz projection
onto the kernel of QT'Q. Then QT'Q + S, is invertible on QL?. Accordingly, we define
Dy = (QTQ + S1)™!, as an operator on QL*. This doesn’t conflict with the previous
definition since S; = 0 when zero is reqular. We say there is a resonance of the first

kind at zero if the operator

Vv
(20) Ty := S;TPTS; — %ch;wsl
is invertible on Sy L?.

i) We say there is a resonance of the second kind if Ty is not invertible on Sy L?, but
10
(21) T2 = SQUGg?JSQ + §SQUWUSQ

is invertible. Here Sy is the Riesz projection onto the kernel of Ty, and W (x,y) = |z|*|y|*.
Moreover, we define Dy := (Ty + S2)™' as an operator on S;L?.

iv) Finally if Ty is not invertible we say there is a resonance of the third kind at zero. In
this case the operator Ty := SsvG4vSs is always invertible on SsL? where Ss the Riesz
projection onto the kernel of Ty, see Lemma 7.6. We define Dy := (Ty + S3)™' as an

operator on SsL?.

As in the four dimensional operators, see the remarks after Definition 2.5 in [6] and after
Definition 3.2 in [16], T is a compact perturbation of U. Hence, the Fredholm alternative
guarantees that 57 is a finite-rank projection. With these definitions first notice that, S3 <
Sy < 51 < @, hence all S; are finite-rank projections orthogonal to the span of v. Second,
since T is a self-adjoint operator and Sy is the Riesz projection onto its kernel, we have

Sng == D()Sl = Sl. Slmllarly, SQ.Dl == Dng == SQ, SgDQ == DQSg == S3.

Lemma 4.3. Let |V (z)| < (z)~? for some B > 5, then QDyQ is absolutely bounded.
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Proof. We prove the statement when S; # 0. We first assume that QU@ is invertible
QL? — QL?. Using the resolvent identities, we have

QDoQ = QUQ — QDoQ(S1 + vGov)QUQ = QUQ — S1UQ — QDyQuGovQUQ

Note that QU(Q is absolutely bounded. Moreover, since S; is finite rank, any summand
containing S is finite rank, and hence absolutely bounded. For Q) DyQuGovQUQ, we note
vGov is an Hilbert-Schmidt operator for any v(z) < (2) 72~ and QDyQ is bounded. There-
fore, QQDyQuGyv is Hilbert-Schmidt. Since the composition of absolutely bounded operators
is absolutely bounded, ) Dy is absolutely bounded.

If QU@ is not invertible, one can define 7y as the Riesz projection onto the kernel of QU Q)
and see QUQ+ is invertible on Q L%, Therefore, one can consider Q[U+my+S1+vGov—m0|Q

in the above argument to obtain the statement. 0

Our aim in the rest of this section is to prove Theorem 4.4 below obtaining suitable
expansions for [M*(\)]7! valid as A — 0 under the assumption that zero is regular and also
in the cases when there are threshold obstructions. Recall the notation (8) and that the

operators ['y vary from line to line.

Theorem 4.4. If zero is a reqular point of the spectrum and if |v(x)| < <x)’%’, then
[M=(N)]™! = QToQ + 1.
If there is a resonance of the first kind at zero and if |v(z)| < (z)~2~, then
[M*(N)] ! = QT_1Q + QT + '@ +T'1.

If there is a resonance of the second kind at zero and if |v(z)| < (x)~2 ~, then

[MEN)] " = S5l 35, + Sol' 9Q + QT 555 + ST 1 + T 1S,
+QI'_1Q + QL' +T'y@Q + T'y.

If there is a resonance of the third kind at zero and if |v(z)| < (x)~2~, then

P =

+ Sol' 359 + Sol' 9@ + Q' 2S5 + Sol' 1 +T'_1Ss + QT'_1Q + Qo + ['y@Q + I'y.

S3D3S3

Roughly speaking, modulo a finite rank term, the contribution to (5) of all of the operators
in these expansions are of the same size with respect to the spectral parameter A\. We show

in Lemma 5.1 that in the contribution to (15) having the operator () on one side allows us to
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gain a power of A, while having S, allows us to gain two powers of A modulo the contribution
of GQ.
Recall from (16) that M*(\) = A*(\) + M (A\). If zero is regular then we have the

following expansion for (A*(\))~L.

Lemma 4.5. Let 0 < A < 1. If zero is reqular point of the spectrum of H. Then, we have
(22) (AF(N) 1 = QDoQ + g (NS,
where g=(\) = (aiLAVHl +¢)7t for some c € R, and
P —PTQDyQ
—QDoQTP QDQTPTQDyQ |
s a self-adjoint, finite rank operator.

Moreover, the same formula holds for (AX(X\) + S1)™' with Dy = (Q(T + S1)Q)~* if zero

18 not reqular.

(23) S =

Proof. We prove the statement when S; # 0. The proof is identical in the regular case.
Recalling (17), we write A*()\) + S; in the block format (using PS; = S; P = 0):

(24) AF(N) + 51 =

ai
“WVhpy prp PTQ | an an
A1 Q22

QTP QT+ 51)Q
Since Q(T'+51)Q is invertible, by Feshbach formula (see, e.g., Lemma 2.8 in [7]) invertibility
of A*(\)+ S, hinges upon the existence of d = (ay; — @125, as1)~!. Denoting Dy = (Q(T +
S1Q):QL* — QL?, we have
||V

A

with ¢ = Tr(PTP — PTQDyQTP) € R. Therefore, d exists if A is sufficiently small. Thus,
by the Feshbach formula,

d=(“Whp prp— PTQDQTP) " = ( +¢) P = g*(\)P

d —daypay;
(25) AN +syt= | 0 T
—Qyy A21d G5y A21dA12G55 + Aoy
(26) = QDoQ + g*(N)S.

O

Assume that v(z) < (2)~%~. Using (16), (18), the resolvent identity and Lemma 4.5 when

~

zero is regular, we may write (for some € > 0)
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[ME] ™ = [AT + MF] ™ = [AT+ T ]!
= [AF] 7 = [AF)] 'L AT T + [AF)TIT ME) I AT T = QL@ + Ty,

proving Theorem 4.4 in the regular case.

Assuming that v(z) < (z)72~, by Lemma 4.1, we have MF = I';. Also using (16) and

Y

Lemma 4.5 we obtain the following expansion in the case zero is not regular:
(27) (MF(N) +81) 7" = (AF(\) + S+ My (\) ™

= (AN + 5) 7 SO DMME AR + 8) 7 4 T, N=0,1,.,

k=0
= QDoQ + I'1.
The following lemma from [20] is the main tool to obtain the expansions of M*(\)~! when

zero is not regular.

Lemma 4.6. Let M be a closed operator on a Hilbert space H and S a projection. Suppose
M + S has a bounded inverse. Then M has a bounded inverse if and only if

B:=S—-S(M+5)'S
has a bounded inverse in SH, and in this case
(28) M7t'=(M+S)"'+(M+9)'SB'S(M +S)™".

We use this lemma with M = M*()\) and S = S;. Much of our technical work in the
rest of this section is devoted to finding appropriate expansions for the inverse of BX(\) =
Sp — Si(M*(N\) + S;)71S; on S;L? under various spectral assumptions. For simplicity we
work with + signs and drop the superscript.

We first list the orthogonality relations of various operators and projections we need.
Sl'Dj = D]SZ = Sz,l > j,

S3 <5 <8 <Q =P,

51551 = SiTPTS;,

)
)
31) $,S = —S,TP + S, TPTQD,Q, SS, = —PTS, + QD,QTPTS,,
)
) 585 =S58 =0,

)

QM5 = 5;MQ = S3My = M S35 = 0,
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(35) SQMgSg == S3M352 = 0.

These can be checked using (23), (19), and Qv = ST P = S,vG1vQ = Sexjv = Sszzv = 0,
i,7 =1,2,3 (see Lemmas 7.4 and 7.5 below).
Using (18) with NV =1, £ = 0+ and (26) in (27), and then using (32), we obtain

(36) B(/\) == Sl — Sl(M()\> -+ 51)_15’1 == —g(/\)SlTPTsl + /\51M151 + F1+,

provided that |v(z)| < (z)~7 .
Using (19), we have

A
(37) g()\)SlTPTSl — )\SlMlsl = g()\)[SlTPTsl — almSllevSﬂ

= g(N)T1 — carAg(N)S10G1vS, = g(\) Ty + Ty,

where

V1

Ty = S,TPTS; —
1= 5TPTS 3(87)?

Sll)Gl"(}Sl.

The second equality follows from

A
g()\)[SlTPTSl — al—SllevSﬂ == g(/\)[SlTPTSl — al(a||V||1 + C/\)Sl’UG(ﬂ)Sl]7

9(N)
and recalling the definitions of g(A), (11) and (19) to see
(i + 1)(Fi + 1) 2 1
atay = = =

(8m)2(3!) (8m)2(3!)  3(8m)2.
In the case when there is a resonance of the first kind at zero, namely when T} is invertible,

using (37) in (36), we obtain
B = (=g +T) =Ty,

provided that v(z) < (z)~2~. Using this and (27) in (28), we obtain

[MN)]™'=QDoQ + Ty + (QDoQ +T1)S1 T 151 (QDo@Q + Ty)
=QI'1Q + Qg +T'yQ + Ty,

proving Theorem 4.4 in the case when there is a resonance of the first kind.
In the case when there is a resonance of the second or third kind, namely when Sy # 0,

we need more detailed expansions for B()), and hence for (M () + S1)~t.
Using (18) and (19) in (27) we obtain

(38) (M(A)+S1)" = QDoQ + g=(\)S — AQDyQM:QDyQ
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— AgT (V) [QDoQM, S + SM1QDoQ] + N>QDoQ(M:1QDoQ)*
— Mg (N)2SMS + XN2gF(N) [S(MiQDoQ)* + QDoQM:SMQDoQ + (QDoQM;)*S]
— NQDoQ[Ms + My (QDoQM,;)*]QDo@Q + T's,
provided that v(z) < (z)~2 .
Using (29)-(32) and (37) in (38), we obtain
(39) Si(M(\)+S1)7'S1 =S + g(\NTy
— carAg(N)S1vG1vSt — Ag(A) Sy [MyS + SM ]Sy + A28 M1QDoQM, S,
— Mg(N)?S1SM1SS1 + N g(N) [S1SM1QDoQM: S + Sy My1SM; Sy + S1M1QDoQM; S5, |
— N*81[M3 4+ My(QDoQM;)*] St + sy

Therefore

B(\) =8 — Si(M(A\) + 81)71S) = —g( N T}
+ arAg(N\) Sy (cMy + SMy + MyS)S; — A2S) MyQDoQM, .S,
+ Ag(N)2S1S M SSy + A2g(\) [S1SMiQDoQM.S + SiMiSM,Si + S MiQDoyQM, 5SS
+ X251 [Ms + Mi(QDoQM:)?] St + Tay.

Let Uy =5, — S5, Uy =S5 — S3, and U = U; 4+ Us,. In block form, we have

(40) B\ = S3B(N)Ss  S3B(A\U |
UB(\)Ss UB\U

(41) UB\U = Us B(\)Us U B(A)Uy
UyB(\)Uy U B(A)Uy

We first invert UB(A)U for small \. We have
UyB(AN)Uy = —g(\NULTL Uy + Uiy Uy,
Using (33) and (34), we obtain
Ui B(A\)Uz = a1 Ag( AU SvG1oUy + U T'sUs = —agi Ag(A\)UZ T PuGroUsy + Uy T'3Us,

Similarly,
UQB()\)Ul = —a1>\g()\>U2UG1UPTU1 -+ UQFgUl,

and
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Uy BN Uy = XUy MsUs — N2g(N Uy My SM Uy + Ty
= a3)\3U21}G3@U2 — CL%)\2Q()\)U2UG1USUG1UU2 + U2F3+U2.

Note that by (34)
UQUGﬂ)SUleUQ = UQUGl’UPUleUQ = ||V||L1UQUWUU2,

where W (z,y) = |z|?|y|*>. In the second equality we used G;(z,y) = |z|* — 2z -y + |y|* and
Sexjv = Sov = 0. Also noting that

(lg)\ HV||1 2 —21
oy = agal||Vl|1 + cazA = 51(8m)? + caz), aj= —(3!)2(87r)2’
we obtain
21 9 10
UQB(/\)UQ = —”VHLl)\ g(/\)[Uvangg + —UQUWUUQ] + F4
5!(8m)? 3

21
~ 5l(sm)?
If Uy =0, ie S; =53, then we can invert UBU as

5!(8)?
20|V [I21A2g(A)

If Uy # 0, we invert UB(A)U using Feshbach’s formula. Note that, we can rewrite (41)

HVHLl)\ g( )U2T2U2 + U2F3+U2.

(UBNU) ™ = (UyToUs) ™t + Ul 3, Uy = Upl'_3Us.

using the calculations above:

V|22 N2UsToUs + UsTo U AUvGoPTU, + Ul U
UBAU = —g(\) 5,(87r2H Iz 242U2 2l 24Uz Q1AUQUG Y 1 212Uy
G,l)\UlTPUGﬂ)UQ —|—U1F2U2 U1T1U1 —|—U1F1U1

Note that ags is invertible. Therefore UB(A)U is invertible provided the following exists

-1
2|V
= ( ;H(&H)Ll NUsTyUy — ajA*SevGroPTU (U TV UL) Y UL T PuGhoUs + U2F2+UQ>

10
3V ][

5!(8)?

—1
—W UQUG1UPTU1(U1T1U1) lUlTPUG1UU2> +U2F_2+U2.
L

(UQTQUQ

Note that, since Syv = Shx;v = 0 we can rewrite the operator in parenthesis as

10<<U1T1U1)_1U1TU, UlT'U>

UsToUy — UsvWoU.
242U 3HVHL1 20WvUg
1 T -, T T
— UyvGavUsy + 30 (1— (h IUI)HVTIJI v, Uy U>)U2UWUU2.
Ll
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Note that by Lemma 7.5 below the kernel of T5 agrees with the kernel of SovG3vSs. Therefore
UsvGsvUs is invertible and positive definite. Since UsvWoU, is positive semi-definite, the

inverse exists if we can prove that ((U;TyU;) U Tv, U1 Tv) < ||V||1:. Note that

1
UlTPTUlu = —Ul(T’U)<U, Ul(TU)>
V][ s
Also note that U;T1U; — Uy T PTU, is positive semi-definite. Therefore the required bound
follows from the following lemma with H = UL% 2z = U;(Tv), & = ——, and S =

Vi’
unu, - UTPTU,.

Lemma 4.7. Let H be a Hilbert space. Fix z € H and o > 0 and let T (u) = az(u, z),
u € H. Let S be a positive semi-definite operator on H so that T + S is invertible. Then,
1

0< S < —.
<{(T+8)'22) < .
Proof. Let w = (T +8) 'z. We have
z=Tw+ Sw = az(w, z) + Sw, and hence Sw = z — az(w, z).
Then since § is positive semi-definite,
0 < (Sw,w) = (2 — az(w, 2),w) = (z,w) — a|(z, w)|*.

Therefore, (T +8) 'z, 2) = (w, z) € R and

1

0 < (w,z)<—. O
a

We conclude that
d = AUy DUy + Uyl _5 Uy = U’ _yUs.
Using this in the Feshbach formula (25), we obtain

1 Usl' Uy + U’ Uy Usl' UL

42) (UBNU) ' = ———
( (UBNY) g(A) UL, Uy U,.ToU;
= UQF,:J,UQ + UQF,QUl + U1F,2U2 + U1F,1U1.

We now focus on the case S3 = 0, Uy = Sy # 0. We have B(\)™! = (UB(\)U)~!. Using
(38) and orthogonality relations (29)-(34), we have

So(M(A) + S1)~! = (M(A) + S1)71S, = S, + I,

Also recall that
(M(X) +S1)7" = QDoQ + Iy
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Using these in (28), we have

(13) M\ = QDoQ+T,
+ (M) +8)7! |:U2F_3U2 + Usl' Uy + Ui T Uy + UlF_lUl] (M(X) + S))~t
= Sol' 355 4+ Sol' 2@ + QT' 955 + Sol' 1 + 115 + QI'_1Q + QT + T'p@Q + Ty
This expansion is valid also in the case U; = 0, proving Theorem 4.4 in the case of resonance

of the second kind.
We consider the final case, when S3 # 0. Using

(AE(N) 4 S1) 7185 = S5(AF(N) + S1) 7! = s,
SsMF = MFSs =T,
SgMétS:J, = )\453'UG4’053 +1I's = )\4T3 + I,

we have

4
S3B*83 = —=S5 > (=1 [MF(\)(AF(N) + 81)7']" S5 + T's = XT3 + T,
k=1

15

provided that v(z) < (x)~=2 .
If U # 0, we invert B(\) using Feshbach’s formula for the block form (40). Note that

d = (S3BSs — SsBU(UBU) 'UBS;) ™.
The leading term is A*T3 + I's. We write the second term as
SsBUy(UBU) U, BSs + SsBU (UBU) *U,BS5
+ S3BUy(UBU) U, BSs + SsBU, (UBU)'U,BS3 = T's.

To obtain the estimate, we used S3BUy; = I'y, S3BU; = I's, and (42). Therefore, for small
A >0,

d - /\_4D3 + Sgr_gsg - Sgr_453.

Using this in Feshbach’s formula for the block form (40) we obtain

B\t = A*D5 + S5 385 + SsI'_4SsBU(UBU) ™' + (UBU)~*U BS5I'_4S5
+ A YUBU)'UBSsI'_4SsBU(UBU)™ + (UBU) ™.
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Using (42), decomposing U = U; + U; as above, and using S3BU; = T'y, S3BU; = T's, we

have
B(A) ™ = A1 D5 + S50 _555 + S50 58y + S1T 585 + $1T_15).
Finally, using
So(M(A) + S1) "t = (M(X\) + S1) 1Sy = Sy + Iy,

Ss(M(X) + S1)~" = (M(X) + S1) 'S5 = S5 4 I,

(M(A) +81)™" = QDoQ +T1,

we obtain Theorem 4.4 in the case of a resonance of the third kind.

5. LOW ENERGY DISPERSIVE ESTIMATES

In this section we analyze the perturbed evolution e ## in L' — L* setting for small
energy, when the spectral variable A is in a small neighborhood of the threshold energy
A = 0. As in the free case, we represent the solution via Stone’s formula, (5). As usual, we
analyze (5) separately for large energy, when A 2 1, and for small energy, when A < 1, see
for example [34, 7]. The effect of the presence of zero energy resonances is only felt in the
small energy regime. Different resonances change the asymptotic behavior of the perturbed
resolvents and hence that of the spectral measure as A — 0 which we study in this section.
The large energy argument appears in Section 6 to complete the proof of Theorem 1.1.

We start with the following lemma which will be used repeatedly.

Lemma 5.1. Assume that v(z) < (z)~2~, then

sup |[QuE™(Ho, XHI(-,y)||,» £ 1, and sup |OA[QUE™(Ho, X)](-,y)|| 1o S %

Assuming that v(z) < (x)~2~, we have
sup || [Seo(R*(Ho, A') = Go)] (9| S A sup [0 [Sav(B* (Ho. M) = Go)] (. 9) o S 1.
Yy Yy

and

sup | [Seo(R* (Ho, X*) = B (Ho, A] ()l 2 £

Y

sp |07 [S2v(RT(Ho, A*) = R™(Ho, M) | (,y)||,» S 1.
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Proof. We prove the assertion for + sign. Recall the expansion (10). Using the fact Qv =0

we have

(QuR* (o, A0 (02.) = g | Qoo [Py = ) = PNl

1
87r

ly—y1]

[ Qo) / F'(As)dsdys,

|yl

where
eip — e_p

Noting that |F'(p)| < 1, and using the absolute boundedness of @), we obtain

JiQur (to XN ,o S | [ 1@ )t )|, S oton) ) lee <

2
Y2

uniformly in y.

Now consider Syv(RT(Hy, A*) — Gy). We have

[S20(R (Hos ) = Goll (s 9) = 5 [ o n)olo) FAly = 3 )

where
F(p) = — P

Noting that Syv = 0 we can rewrite the integral above as

1

A S22 y)v(y)[F Ay — ) = F(AlyD]dy:

1 ly—y1|
- / Sy, y1)0 (1) / F'(As)dsdy.
T R3 ‘

yl

Furthermore, one has Syy;v = 0, and hence

/ SQ(yg,yl)v(yl)yb‘yF'(Myl)dyl = / 52(y2,y1)v(y1)y1dy1 : é—lF/(My‘) =0
R3 R3

This gives

ly—y1]

(44) /R3 Sz(yz,yl)v(yl)/ F'(X\s)dsdy,

[yl
ly—y1]

Sal,y)oon) /| P Os)ds+ S F (D

R3

ly—y1] lyl [yl
Sy, 91 )0 (1) / F'(As)ds — / F'(As)ds + / F'(Ayl)ds| dyn
R3 ly|— ¥ lyl—4 ¢ |y|—4¥

Ty Tyl

[yl
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ly—v1] [yl ly]
:/ So(y2, y1)v(y1) [/ F'(Xs) ds—i—)\/ / F"( Ak)dkds] dy; .
RY MRE ME

[yl

To control the integrals in (44) notice that |F®)(p)| < p?>=* for k = 1,2. Therefore, for

ly| — %‘ > 0, we obtain
ly—y1] ly—y1l ) Yoy )
(45) ‘/ F'(As)ds| < )\‘/ sds| S Ally = vl = (il = T2 S A
Jyl L2 lyl L2 |y|

Note that if |y| —

a y‘ < 0, one has |y|, |y — y1| < |y1] and therefore the above inequality is
trivial.

For the second term in (44), we have

] lyl lul

(46) / F (k) dkds — / e — Jyl + LY P () di

Jyl L2 jyl— 4L | |

Noting that |[k — [y| + “¢]| < (y1) and [F”(Ak)[ < 1. This term can be controlled by (y1)2.

Finally, by (45) and (46), we obtain

“[SQU(R+(HQ,)\ ) G()) HL2

SAH [ 18etum o) o
R3

Y2

S Moly) ) flze S A

uniformly in y.

To establish the bound on the first derivative, note that

i) = 1) & [ + 1 1
[ o) (Ar)} = P ()

ONF(\r) = %

Since one has |E*(p)| < p**, one can apply the same method to F' to finish the proof.
The last assertion follows from noting that the bounds used on Sov(R*(Hy, A*) — Gy) also
apply to Sev(R*(Hy, \*) — R™(Hy, A1), see (10) and the subsequent discussion. O

We first consider the case when zero is regular (S; = 0) or when there is a resonance of
the first kind S; # 0,5, = 0.

Theorem 5.2. Assume that v(z) < (x)72~ and Sy = 0, or that v(z) < (z)"2 and S, #
0,5, =0. Then

(47) sup

z,y€R3

/OOO eit/\4)\3X()\)R‘j§()\4)(x,y) d\| < <t>’%.
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Proof. Recall (15):
RE(MY) = RE(Hy, \*) — RE(Ho, N )o(ME (X)) 'R (Ho, \*).

We already obtained the required bound for the free term in Lemma 3.2. For the correction

term, dropping the + signs, the claim will follow from Lemma 3.1 with
(48) EN)(w,y) = [R(Ho, X )o(M (X))~ wR(Ho, AY)] (2,).

By Theorem 4.4, in the regular case we have M (\)™! = QDyQ+T;. In the case of a resonance
of the first kind, we have

M) =Qr1Q+ QT +ToQ +T.
First consider the contribution of I'; to (48):
[R(Ho, N )vI'1wR(Ho, A (2, y).

Note that, by (14) we have

1 1
(49) [R(Ho, X))z S 50 10x0R(Ho, A o)l S 53
uniformly in y. Therefore we estimate the contribution of the error term to £(\)(x,y) by
1

MloR(Ho, X))l 2 [0 R(Ho, A 9) 102 S 5

and its A derivative by % Hence, the claim follows from Lemma 3.1 with o = 1.

Now, consider the contribution of QI'_1Q to (48):
[R(Ho, X)vQT_1QuR(Ho, \*)] (2, y).

Note that, by Lemma 5.1, we bound this term by

1

1QUR(Ho, A) (-, y)ll2 | QuR(Ho, AN (- @)1 T alll 22 S 5

uniformly in z,y. Similarly, its A-derivative is bounded by % Therefore, the claim follows
from Lemma 3.1.

The contributions of QI'y and I'y@) can be bounded similarly by using Lemma 5.1 on one
side and (49) on the other side. O

Theorem 5.3. Assume that v(z) < (x)~ 2. If Sy £ 0, S5 =0 then

|

(50) sup

z,y€R3

| e RN ) A — e £ ()

Here F* are time dependent finite rank operators satisfying | F*|| g1 < (8)71.
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Moreover if v(z) < (z) 2~ and S5 # 0, then

N|=

(51) sup

z,y€R3

/Oo eit/\4/\3x()\>[R;(A4) — Ry (z,y)]d\ — G(z,y)| S (t)" 2,

where G is a time dependent finite rank operator satisfying ||G||p1 e < (£)71.

~

Proof. We first prove (50). By Theorem 4.4, in the case of a resonance of the second kind,

we have
[Mi( )] = 591355 4+ o' 9Q + QT 555 + Sol' 1 + 1155 + QT 1Q + QT'g + T'y@Q + T'y.

We only consider the contribution of SoI' 355 to (15), the others can be handled similarly.
Let

g()\v z, y) = [R:t(H07 )‘4)USQP—3SZUR:‘:<H07 )\4)j| (l’, y)

Note that by Lemma 5.1 we have

8 = G()USQF,LO,SQUGO -+ Go'l}SQF,gSQU(Ri(H(), )\4) — Go)
+ (Ri(Ho, )\4) — Go)USQF_gsvaO + Ol()\_l).

By Lemma 3.1, the contribution of the last term is < <t)’%. Moreover, noting that Sev = 0,

we have

<1’

5 N

[iS20Galclls = | [ SaComptunlly =l = i,

since |[ly — v1] — |y|]| < (y1). Therefore, the first term is O;(A73), and by Lemma 3.1 its
contribution is < (t)~1. Also note that its contribution is finite rank since Sy is. Similarly
the contributions of second and third terms are < (t>’%, and finite rank. One can explic-
itly construct the operators F*(x,y) from the contribution of these operators to the Stone
formula, (5).

Next we prove (51). Note that all the term in M(A)~! in Theorem 4.4 except A™*Ds are
similar to the terms in the M ~1()\) that we considered in the case of resonance of the second
kind. Therefore, we only control the terms interacting with D3, that is we need to control
the contribution of the following term to the Stone’s formula,

[RT(Hy, \*) — R™(Hy, )\4)]UD—UR+(HQ, A4

)\4
= [RT(Hp, \*) — R~ (Ho, \Y)Jv~—=vGy
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R (Ho, M) — R-(H, A4)]U%U[R+(HO, MY = Gyl

Using Lemma 5.1, the first term is O;(A™2), and hence its contribution to Stone’s formula

is (t)~% by Lemma 3.1, and is finite rank. Similarly, the second term is O;(A~2) and its

contribution is < (#)~2. G(x,y) is obtained explicitly by inserting these operators in (5). [

We note that the time decay of the non-finite rank portion of the evolution when S5 # 0

can be improved at the cost of spatial weights.

Corollary 5.4. Ifv(z) < (z)" 2~ and S # 0, then

(52) Lﬁalﬁ”A%nAMRécv>—zaxayndA—<%x4» < ()71 ()3 (y)

where G is a time dependent finite rank operator satisfying ||G||p1p~ < (t)

Proof. We need only supply a new bound for the contribution of the following

(53) (R (Ho, M) — R (Hy, )\4)}11%1)[}%*(1%, MY — Gy,

We note that Szv P () = 0 for any quadratic polynomial in the z; variables. Hence, S3v0G; =

0 as we may write Gy (z,y) = |z|*> — 2x -y +|y|?>. By truncating the expansion in (10) earlier,

we see

at —a”
A

[R*(Ho, \*) = R (Ho, \')] = + (a7 = a7)AG1+O((Alz = y|)’|z — y)

Using the orthogonality relations above and selecting ¢ = %7 one can see that

|t

[R* (Ho, XY — R™(Ho, X)](w, )vSs = O; (A2 (2)7)

A very similar computation shows that

(NI
Nt

Ssv[R*(Ho, X') — Gol(+ y) = O1(A2(y)?).

Combining these, we see that

[RT(Hy, \*) — R™(H,, )\4)]U%U[R+(Ho, AY) = Go] = O1 (A (z)?

wlo
—~
<
S~

Applying Lemma 3.1 proves the claim.

1< <3,
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6. THE PERTURBED EvVOLUTION FOR LARGE ENERGY

For completeness, we include a proof of the dispersive bound for the large energy portion
of the evolution. Here we need to assume the lack of eigenvalues embedded in [0, co) for the
perturbed fourth order operator H = (—A)?+V. It is known that embedded eigenvalues may
exist even for compactly supported smooth potentials. To complete the proof of Theorem 1.1

we show

Proposition 6.1. Let |V (z)| < (z)™®", and assume there are no embedded eigenvalues in

the continuous spectrum of H, then

(54) sup

z,yeR3

| e NTO RN ) | S 1.
0
To prove the Proposition 6.1 we use the resolvent identities and write,
(55) Ry (AY) = RE(Hy, \*) — RE(Ho, \Y)V R*(Hy, \*) + RE(Ho, \Y)V Ry (AY)V RE(Hy, \*).

Recall by the second part of Remark 3.3, we know that the first summand in (55) satisfies
the bound in (54). Therefore, it suffices to establish the bound in Proposition 6.1 is valid
for the last two summands in (55). Recall by (14), we have

(56) R*(Ho, \)(2,y) = O1(A7).
This, along with the fact that A 2 1, shows that

R*(Ho, \"\VR*(Ho, \*) = O1(A71),
as the following bounds hold uniformly in z, y:

R*(Ho, )V R*(Ho, \*) (2, y)] < A~ / V() ldzy < A~
RS
O (R (Ho, NV R (Ho, A} (2, 9)] S A / V()ldz < A2
]R3

Hence, by first part of Remark 3.3, RV R* contributes |t|_% to Stone’s formula.

We next consider the last term in (55). To control this term, we utilize the following.

Theorem 6.2. [9, Theorem 2.23] Let |V(z)|] < (x)™*71. Then for any o > k + 1/2,
Of Ry (2) € B(L*(RY), L>~°(RY)) is continuous for z ¢ 0 UX. Further,

HafRV(Z)HL%(RdHLZ—o(Rd) N zm (B3R,

The following suffices to finish the proof of Proposition 6.1.
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Lemma 6.3. Let |V (z)| < (x)737, then

/ e‘it”i()\))\?’[Ri(Ho, MV REAHV RE(Ho, \Y)| (2, y)dA| < yt|—%,
0

sup
z,yeR3

Proof. Recalling the proof of Lemma 3.1, it suffices to establish
|R*(Ho, AY )V Ry NV R*(Ho, A || 1o pee S AT
1O B (Ho, AV Ry (X)V RF (Ho, A i1 S A7
Note that first by (56), and using that L> C L>~3~, we have
(57) IR (Ho, A p1osp2-0 = O1(A7Y), 0 > 3/2,
along with the dual estimate as an operator from L?° — L*°. Hence, by Theorem 6.2 we
have the following estimate
IR (Ho, AV Ry (X)V RF (Ho, A)] || 1 1
SR (Ho, A p2e o noe [V Ry MYV || 200 20 [| R (Hoy A [ 115 p2m0 S A7

for any |V (z)] < (x)72~. In fact, one can show this term is smaller, though this bound is

valid since A > 1. Similarly, by (56) and Theorem 6.2 with z = A* one obtains
|OMR* (Ho, \Y)V Ry (XYV R (Ho, A}l 1 sopee S A2

for any |V (z)| < (z)73". Here, we note that the extra decay on V is needed when the

derivative falls on the perturbed resolvent Ry so that V maps L2757 — L3,
O

7. CLASSIFICATION OF THRESHOLD SPECTRAL SUBSPACES

In this section we establish the relationship between the spectral subspaces S;L?*(R?) for

1 =1,2,3 and distributional solutions to Hy = 0.

_5_

Lemma 7.1. Assume |v(z)| < (z)727, if ¢ € S1L*(R3)\ {0}, then ¢ = Uvyp where i € L™,

Hvy = 0 in distributional sense, and

(58) = cog — Govo, where ¢y = #@, T¢).
V][

Proof. Assume ¢ € S;L?(R*), one has QT Q¢ = Q(U + vGyv)¢ = 0. Note that
0= Q(U + UG()'U)(b = ([ — P)(U + 'UG()U)Qb
— U + vGovd — PT
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— ¢ = Uv(—Govd + ¢o) = Uvy) where cg = —— (v, T'9).

VIl
To show [A? 4+ V] = [A? + V](—Gove + ¢p) = 0, notice that by differentiation under the

integral sign
1
A? =-A[ —— :
Gove / prp— y‘v(y)aﬁ(y)dy

Since m is the Green’s function for —A, we have A2Gyv¢p = v¢ in the sense of distribu-

tions. Hence,
[A? + V](=Govo + ¢p) = —vd + vUvy = 0.
Next, we show that Govg € L. Noting that S; < @), we have P¢ = 0 and hence
o= slooto)ds| = | [ lle=sl = lelotwoan] < [ ooty < .
O

(59)

‘ R3

The following lemma gives further information for the function v in Lemma 7.1.

Lemma 7.2. Let |v(z)| < (z)" 7. Let ¢ = Uvtp € S L2(R3)\ {0} as in Lemma 7.1. Then,
(60) =co + Z a2 ¢
1<i<5<3

where ¢y = ”V” (v, Ty and w € L?>N L>*. Moreover, 1 € LP for 3 < p < oo if and only if

PT¢$ =0 andfyv y)o(y)dy = 0.
Furthermore, ¢ € LP for 2 < p < oo if and only if PT$ = 0, [yv(y)¢(y)dy = 0, and
Jviyp()e(y)dy =0, 1 <i <j < 3.

Proof. Note that all the terms in the expansion and the function ¢ are in L*°, therefore it

suffices to prove the claim for |z| > 1. Using Lemma 7.1 and the fact that P¢ = 0, we write
1
(@) —co = 5/ = = yllvel(y)dy
T
'y WP (@ey)”
=——/’u o ~lal+ el

L1 (x N > (x-y)2>[v¢](y)dy —: 1 + Uy

[ 2z 2P

We first claim that ¥1xp,1)c € L? N L. To prove this claim we first consider the case
ly| < |z|/2. In this case, by a Taylor expansion we have

zoy o |yl?
61) |z —y| = (1——
1) Jo ol = ol (1= T+ 5l = 5

LT YY) ol

22 2]
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. 2 a2 24
:m_xzujw_jxy)+00m )

[ 2z 8lzf? |2+

Using this and the fact that |vg| = [V¢| < v? we have

|?J|2 (z-y)?
M4<ﬂﬂ’x vl =l + m o 8mp)ww@m4

S+
2
i&/ |m3 @YéhdySIﬂ‘?i/S@V*‘dyS|ﬂ‘?'
R

yl<lal/2 ||z T

which belongs to L? N L> on B(0,1)°.

In the case |y| > |z|/2, we have

: |?J|2 (x-y)?
’Aoﬂm’x_y"ﬂ+ o 2] 8mp>@@@ﬂﬂ

!y|2 _1 _3_
= (Iyl + 2= )yl =% ~dy S lal 75,
lyl>zl/2 ||

which yields the claim.
Now note that for |z| > 1

3

©) smin= 2 [ wledlwitn+ g [ blRall Sy

= =] Jes 2]1

’3/i%%v¢

This yields the expansion for ¢ since for |z| > 1, £ - = O(|z|7?) and % — % =
O(|z]~?).

Noting that the second and third terms in (62) are in Lp . for 3 < p < oo, we see that

Y e Ll 3<p< oo, if and only if
3

1 Z;
Co + g ; m o yz[vgb]( )dy - LB(O 1)es

which is equivalent to co = 0 and [p; y;[ve](y)dy = 0, i = 1,2,3. To obtain the final claim,

to determine if ¢ € L2B(071)c we rewrite the last two terms in (62) as follows

ma( D o) [ bilias—2 3 e [ wasbol(way)

i=1 1<i<j<3
Note that the term in the parentheses is a degree 2 polynomial in z, and hence cannot be in

L? unless all coefficients are zero, which implies the final claim. O

The following lemma is the converse of Lemma 7.1.
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Lemma 7.3. Let |v(z)| < (x)~ 1. Assume that a nonzero function ¢ € L™ solves Hip = 0
in the sense of distributions. Then ¢ = Uvyp € SiL?, and we have 1 = co — Gove, co =

IIVH (v, To). In particular, the expansion given in Lemma 7.2 is valid.

Proof. Let 1 € L™ be a solution of Hy = 0, or equivalently —A%) = V. We first show
that for ¢ = Uvy € QL?, namely

/Rg v(@)p(x)dz = 0.

Note that v = Vi € L. Let n(z) be a smooth cutoff function with n(x) =1 for all |z| < 1.
For § > 0, let ns(x) = n(dz). We have

(v, ms)| = [(Vab,ms)| = (A", ms)| = [(, A%ns)| < (]| | A5 2 < 6.

Therefore, taking 6 — 0 and using the dominated convergence theorem we conclude that
(v,0) = 0.

Moreover, let 1) = ¢+ Gove, then by assumption and (59), ¢ is bounded and A2 = 0. By
Liouville’s theorem for biharmonic functions on R", 1; = c¢. This implies that ¢ = ¢ — Ggvo.
Since

0=Hi=[A+V]=Vec—Uv(U +vGyv)p = v’c = vT9,

we have ¢ = ¢y = \Vl\h (v, T¢). Lastly notice that,
QU +vGov)Q¢ = QU +vGov)d = Q(U¢ + vGove)

= QUo — vy + cou) = Q(cov) = 0,

hence ¢ € S;L? as claimed. O

Let Ty = S{TPTS; — 3(8 SwGwSl, and Sy be the Riesz projection on the the kernel of
T). Moreover, let S) be the Riesz projection on the the kernel of S;TPTS; and S} be the

Riesz projection on the the kernel of SjvGv.S;.

11

Lemma 7.4. Let |v(z)] < (x)"7~. Then, S;L? = S,L?> N S§L*.  Moreover
[ yv(y)S2d(y)dy = 0 and PTSy = QuG1vSy = SovGivQ = 0. Finally, ¢ = Uvy € S;L?
belongs to SQL2 if and only if ¢ € LP, p > 3.

Proof. Tt suffices to prove that SoL? C S,L? N SYL? since reverse inclusion holds trivially.
Let ¢ € S;L?. We have

(63) (SITPTS1¢,¢) = (PT¢, PT¢) = ||[PT4|f5.
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On the other hand, since S;v = 0 and z,y and v are real, we have

($10G10516, 6) / o(2)o(x) |z — y[0)e () dyda

/¢ D2l - 20 -y — o) o) dyde
(64) =—2 g o(x)v(z)z - yo(y)o(y)dyde = —2‘ /RS yu(y)o(y)
Hence, if ¢ € SyL? then we have
_ IV 2[[V 2
0= (Ti6.6) = (TPT6.0) = g 0Gus. ) = IPToll + S| [ ot

Therefore,
1PT¢ll2 = ’ /Rs yv(y)cb(y)dy’ =0,
which yields the claim.
This also implies that [ yv(y)Sa¢(y)dy = PT'S; = 0 and

QuG1vSap = —2Qu(x)x - /yv(y)qub(y)dy =0.

Finally, by Lemma 7.2, ¢ € L?, 3 < p < oo if and only if PT¢ = [yv(y)¢(y)dy = 0,
which is equivalent to ¢ € S,L? by the argument above. O

Define S3 the projection on to the kernel of Ty = ngvaSQ—i—%ngWng, where W (z,y) =
|z|?|y|?>. Note that the kernel of G is

(65) 2 —y[* = 2" + |y|* — 4z - yly]* — 4y - x|z + 2z Ply* + 4(z - y)*.

Since Syz;v = Syv = 0, all but the final two terms contribute zero to SyvGsvSy. Therefore

the kernel of T (as an operator on SyL?) is
26
(66) To(w,y) = o(@) [l lyl® + 4 - 9)*Jo(y).

Lemma 7.5. Let |v(z)| < (x)™*". Fiz ¢ = Uvyp € SoL?. Then ¢ € S3L? if and only if
Y e LP, for all 2 < p < oco. Moreover the kernel of Ty agrees with the kernel of SovGsvSs.

/ viy;v(y)o(y) dy| -

In particular, T is positive semi-definite. Therefore ¢ € S3L?, if and only if (The, ¢) = 0,

Proof. Using (66) for ¢ € SoL? | we have

2

+4Z

2,J=1

(Tyé, &) — ‘ / yPo(y)(y) dy

which by the calculation above equivalent to [ y;y;0(y)¢(y)dy = 0 for all 4,j. The claim

now follows from Lemma 7.2.
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The claim for SyvGsvSy also follows from this since by the calculation before the lemma

its kernel is v(z) [2]z]|y|* + 4(z - y)*]v(y). O

Lemma 7.6. Let |[v(z)] < (x)™*". Then the kernel of the operator S3vG,vSs on S3L? is

trivial.

Proof. Take ¢ in the kernel of S3uG4vS;. Using (1), we have (for 0 < A < 1)

ei\ﬂ)\h:fy\ _ ei\/fi)\\zfy|

R(Ho; =A\") = 55 [Ro(iA%) — Ro(—iX*)] =

1
2i\? 8Nz — y|

By an expansion similar to (10), and the proof of Lemma 4.1, we have for 0 < A < 1 and for

all |z — y],

90 4 Gy + @G + azNPG + aaX Gy + O(N| |z — y[FT),

R(Hp; =\') = 3

where ag,a;,a3,as € C are constants. Notice that since ¢ € S3L? one has 0 = (v,¢) =
(G1vo, vy = (G3vp, ve). Also note that since v = Vb, we have

/ |z —y[ oz <wwwmwwmam;/|x—mwmr*@r*mwy<m.

Therefore

(67) 0 = (S30Gav0, §) = (Gav, v9)
_ ;13(1) <R(H0; A1) —ag\7t —)\4G0 — NGy — ag/\3va¢7 v¢>
= lim <R<H0; _)\)4\4> — o v, v</5>-

Further, recalling that Gy = [A?]~! and considering the Fourier domain, one has

(68) 0= lim

A—0

<R(H0; _/\i4> — o v, v¢>

1 1 1\~ —
= jm A4 < (87r2€4 A 87r2€4>v¢(§)’ U¢<€)>
0o (&) 2

1
}\1—>O/Rs (8m2E% + \4)8 2§4| v(€) s = 64 4 Jrs &8 .

Where we used the Monotone Convergence Theorem in the last step.

Note that this gives v¢ = 0 since v¢ € L. Also noting that the support of ¢ = Uv) is a
subset of the support of v, we have ¢ = 0. This establishes the invertibility of S3vG4vS3 on
Sy L2, O
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Remark 7.7. Notice that, (67) and (68) imply that for any ¢ € S5 one has

<53UG4U¢ §Z§ 647 / <U¢2i§ 71)(1)4£ > - _<G0U¢7 GOU¢>

provided |v(x)| < (x)~1.

~Y

Lemma 7.8. The operator Py := GovS3[SsvG4vS;3]~1S5vGy is the orthogonal projection on
L? onto the zero energy eigenspace of H = A2 + V.

Proof. Let {¢x}2_, be the orthonormal basis of S3L?, then S3f = ZJ L 0i(f, @j). Moreover,
for all ¢y, one has ¥, = —Govd, = —GoV 4y, are linearly independent for each k and v, € L?.
We will show that Pyt = GovSs[S30G4vS3) "1 S30G by, = 1y, for all 1 < k < N. This implies
that F is the identity on the range of Fy. Since F, is self-adjoint, this finishes the proof.

Let {A;;}7,_; be the matrix that representation of S3vG4vSs with respect to the orthonor-
mal basis {¢y }1_,, then by Remark 7.7

Aij = (S30G vy, i) = —(Govgy, Govgi) = — (Y5, ¥i).

Also note that, by the representation of S3, we have

(69) ngaowk—Z@ (vGotn, &) = Z@ Vi, ) = Z@ ik

By (69) we have

N
Py = — Z GovSs[S3vG4vSs] ' d;Aj,

=1
N N N
= — Z GovSs(A™1);0iAj, = Z Vi(A™N) AR = Z@szsik = Y.
ig=1 ig=1 i=1

O

Remark 7.9. One consequence of the preceeding results is that any zero-energy resonance

function is of the form:

W(T) = o+ 1t + ey +03 +Z z”TJJFOLQ()

< > 1<i<5<3

(x >

For some constants co, ci,ca,c3, and c;5, 1 <1 < 57 < 3. Hence, the resonance space is at
most 10 dimensional along with a finite-dimensional eigenspace. Moreover, S; — Sy is at

most four dimensional, So — S3 is at most 6 dimensional, the rest is the eigenspace.
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